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Recent perturbative studies have shown the existence of long-lived, quasi-stationary configurations
of scalar fields around black holes. In particular, such configurations have been found to survive for
cosmological timescales, which is a requirement for viable dark matter halo models in galaxies based
on such type of structures. In this paper we perform a series of numerical relativity simulations of
dynamical non-rotating black holes surrounded by self-gravitating scalar fields. We solve numerically
the coupled system of equations formed by the Einstein and the Klein-Gordon equations under the
assumption of spherical symmetry using spherical coordinates. Our results confirm the existence of
oscillating, long-lived, self-gravitating scalar field configurations around non-rotating black holes in
highly dynamical spacetimes with a rich scalar field environment. Our numerical simulations are
long-term stable and allow for the extraction of the resonant frequencies to make a direct comparison
with results obtained in the linearized regime. A byproduct of our simulations is the existence of
a degeneracy in plausible long-lived solutions of Einstein equations that would induce the same
motion of test particles, either with or without the existence of quasi-bound states.
PACS numbers: 95.30.Sf 04.70.Bw 04.25.dg
I. INTRODUCTION
Scalar fields play an important role in different areas of
theoretical physics. For instance, recent models for the
evolution of the universe, dark energy and string theory
require the existence of ultra-light scalar degrees of free-
dom [1–3]. In a cosmological context, scalar fields have
been suggested as the constituents of dark matter halos in
galaxies [4–9]. There is large observational evidence that
points to the presence of supermassive black holes in the
centers of most nearby galaxies. Furthermore, the evo-
lution of these black holes is directly connected to their
host galaxy evolution [10]. It has been suggested that
in order to consider scalar fields as plausible candidates
for dark matter halos they must survive for cosmological
time scales in the presence of black holes [11].
There are several studies in the literature investigating
the dynamics of scalar fields around black holes within
the linearized regime, i.e. in the test field regime in which
the black hole spacetime is taken as a background where
the scalar field evolves [12–14]. One of the key results
of linearized studies concerning massive scalar fields sur-
rounding stationary black holes is that as a result of the
presence of a potential well due to the mass term, two
types of modes are possible depending on the bound-
ary conditions at infinity: no-normalizable quasi-normal
modes and quasi-bound states, which decay at infinity
and thus are localized around the black hole. If the black
hole is spinning the latter class can yield exponentially
growing modes [15, 16] and to hairy black hole solutions
[17].
Quasi-bound states are scalar field configurations
around black holes that may be very long lived [14].
Many of their characteristics can be derived in the test
field approximation. For instance, it is possible to de-
termine their complex frequency by imposing ingoing
boundary conditions at the black hole horizon and an
asymptotically decay behaviour at infinity. The problem
of obtaining the frequencies of the quasi-bound states re-
duces to an eigenvalue problem which can be solved in
several efficient ways (see e.g. [18, 19]). The real part rep-
resents the oscillation frequency and the imaginary part
gives their rate of decay.
While the test field approximation is valid as long
as the energy content of the field is small it will break
down eventually as the energy increases. At some point,
the backreaction of the scalar field onto the spacetime
dynamics becomes non-negligible and non-linear simula-
tions of self-gravitating scalar field configurations are nec-
essary. There are recent studies in this direction, most
notably [20], where a fully 3D evolution of scalar fields
around black holes was performed. In such work the
authors made a thorough study of scalar field configura-
tions around stationary and rotating black holes finding
quasi-bound states when the amount of scalar field con-
tributes to some fraction of the mass of the black hole.
Here we focus on the cases in which the mass of the
scalar field cloud may be greater than the mass of the
black hole and therefore constitutes a strong deviation
from the linearized regime. Stated in a different way, our
setup involves a large scalar field environment in a highly
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2dynamical spacetime. These scenarios may be framed as
the final stage of a violent process such as the bosenova
explosion [21] or as a Kerr hairy solution in which the
black hole has lost its spin.
The use of spherical symmetry allows us to follow ac-
curately the evolution of the system and describe the de-
velopment of a single mode without interference effects
from other modes. Furthermore, the significantly long
runs we can afford (t ∼ 105M , where M is the bare mass
of the black hole) allow us to obtain very precise figures
for the frequencies of the bound states. A comment on
orders of magnitude becomes necessary at this point as
it should be noted that the frequency of the quasi-bound
states for very small values of the scalar field mass Mµ
compatible with dark matter models, is of the order of
Mω ∼ 10−6 in geometrized units 1. According to our
results, in order to capture accurately the values of the
corresponding frequencies one would have to evolve the
system at least for t ∼ 1010M . Such timescale, however,
cannot be reached even at the linear level. For this rea-
son we will consider values of µ in the range from 0.08 to
0.3 as we discuss below.
For this work we have coupled the Klein-Gordon
equation to the Einstein equations taking advantage
of the computational framework recently proposed by
Montero and Cordero-Carrio´n [23] in which a second-
order partially-implicit Runge-Kutta (PIRK) method
is applied to the Baumgarte-Shapiro-Shibata-Nakamura
(BSSN) formulation of the Einstein equations. This ap-
proach has been shown to lead to long-term stable numer-
ical simulations of both vacuum and non-vacuum (with
fluids) spacetimes using spherical coordinates without
the need for a regularization algorithm at the origin.
The paper is organized as follows: Section II describes
the formulation of the coupled Einstein-Klein-Gordon
system and the construction of the initial data. Sec-
tion III focuses on the time integration of the system of
evolution equations. Our results are presented and dis-
cussed in Section IV. Finally, we end with a summary of
our findings in Section V. In the following sections Greek
indices α, β, . . . run over spacetime indices, while Latin
indices i, j, . . . run over space indices only. Throughout
this article we use geometrized units c = G = 1.
II. BASIC EQUATIONS
We investigate the dynamics of a self-gravitating scalar
field configuration around a black hole by solving numer-
ically the coupled Einstein-Klein-Gordon system
Rαβ − 1
2
gαβR = 8piTαβ , (1)
1 In physical units this corresponds to ~µ ∼ 10−24 eV [6, 22].
with matter content given by the stress energy tensor
Tαβ = ∂αΦ∂βΦ− 1
2
gαβ
(
∂σΦ∂σΦ + µ
2Φ2
)
. (2)
The conservation of this stress-energy tensor implies that
the field obeys the Klein-Gordon equation
2Φ− µ2Φ = 0 , (3)
where the D’Alambertian operator is defined by 2 :=
(1/
√−g)∂α(√−ggαβ∂β). We follow the convention that
Φ is dimensionless and µ has dimensions of (length)−1.
A. Einstein’s equations in spherical symmetry
We assume that the spacetimeM can be foliated by a
family of spatial slices Σt that coincide with level surfaces
of a coordinate time t. We denote the future-pointing
unit normal on Σt with n
α and write the spacetime metric
gαβ as
ds2 = gαβdx
αdxβ
= −α2dt2 + γij(dxi + βidt)(dxj + βjdt), (4)
where α is the lapse function, βi the shift vector, and γij
the spatial metric induced on Σ,
γαβ = gαβ + nαnβ . (5)
In terms of the lapse and the shift, the normal vector nα
can be expressed as
nα = (1/α,−βi/α) or nα = (−α, 0, 0, 0). (6)
We adopt a conformal decomposition of the spatial
metric γij
γij = e
4χγˆij , (7)
where ψ = eχ = (γ/γˆ)1/12 is the conformal factor, γˆij
the conformally related metric and γˆ its determinant.
Under the assumption of spherical symmetry the line
element may be written as
ds2 = e4χ(a(t, r)dt2 + r2 b(t, r)dΩ2) , (8)
with dΩ2 = sin2 θdϕ2 +dθ2 being the solid angle element
and a(t, r) and b(t, r) the metric functions.
We set the value of γˆ at t = 0 as that of the determi-
nant of the flat metric in spherical coordinates γ˚. The
evolution equations for the conformal factor and for the
conformal metric components take the form
∂tX = β
r∂rX − 1
3
X∇ˆmβm + 1
3
XαK , (9)
∂ta = β
r∂ra+ 2a∂rβ
r − 2
3
a∇ˆmβm − 2αaAa , (10)
∂tb = β
r∂rb+ 2b
βr
r
− 2
3
b∇ˆmβm − 2αbAb , (11)
3where X ≡ e−2χ, K is the trace of the extrinsic curva-
ture, ∇ˆmβm is the divergence of the shift vector βi, Aˆij
is the traceless part of the conformal extrinsic curvature,
and
Aa ≡ Aˆrr , Ab ≡ Aˆθθ . (12)
The evolution equation for K is
∂tK = β
r∂rK −∇2α+ α(A2a + 2A2b +
1
3
K2)
+ 4piα(ρ+ Sa + 2Sb) . (13)
Next, the evolution equation for the independent com-
ponent of the traceless part of the conformal extrinsic
curvature, Aa, is given by
∂tAa = β
r∂rAa −
(
∇r∇rα− 1
3
∇2α
)
+ α
(
Rrr −
1
3
R
)
+ αKAa − 16
3
piα(Sa − Sb) , (14)
where Rrr is the mixed radial component of the Ricci
tensor and R is its trace.
Finally, the evolution equation for ∆ˆr, the radial com-
ponent of the additional BSSN variables [25] ∆ˆi =
γˆmn∆ˆimn with ∆ˆ
a
bc = Γˆ
a
bc − Γ˚abc, is given by
∂t∆ˆ
r = βr∂r∆ˆ
r − ∆ˆr∂rβr + 1
a
∂2rβ
r +
2
b
∂r
(
βr
r
)
+
σ
3
(
1
a
∂r(∇ˆmβm) + 2∆ˆr∇ˆmβm
)
− 2
a
(Aa∂rα+ α∂rAa)
+ 2α
(
Aa∆ˆ
r − 2
rb
(Aa −Ab)
)
+
2α
a
[
∂rAa − 2
3
∂rK + 6Aa∂rχ
+(Aa −Ab)
(
2
r
+
∂rb
b
)
− 8pijr
]
. (15)
The matter source terms ρ, Sa, Sb and jr appearing
in the previous equations are components of the energy-
momentum tensor (2) given by
ρ := nαnβTαβ =
1
2
(
Π2 +
Ψ2
ae4χ
)
+
1
2
µ2Φ2 , (16)
jr := −P rαnβTαβ = −ΠΨ, (17)
Sa := T
r
r =
1
2
(
Π2 +
Ψ2
ae4χ
)
−1
2
µ2Φ2 , (18)
Sb := T
θ
θ =
1
2
(
Π2 − Ψ
2
ae4χ
)
−1
2
µ2Φ2 , (19)
where Π and Ψ are defined below. The Hamiltonian
and momentum constrains are given by the following two
equations that we compute to monitor the accuracy of the
numerical evolutions:
H ≡ R− (A2a + 2A2b) +
2
3
K2 − 16piρ = 0, (20)
Mr ≡ ∂rAa − 2
3
∂rK + 6Aa∂rχ
+ (Aa −Ab)
(
2
r
+
∂rb
b
)
−8piSr = 0. (21)
1. Gauge conditions
In addition to the BSSN spacetime variables, there are
two more variables left undetermined, the lapse function
α, and the shift vector βi. Our code can handle arbitrary
gauge conditions and for the simulations reported in this
paper we use the so called “non-advective 1+log” condi-
tion [26] for the lapse, and a variation of the “Gamma-
driver” condition for the shift vector [25, 27].
The form of this slicing condition is expressed as
∂tα = −2αK . (22)
For the radial component of the shift vector, we choose
the Gamma-driver condition, which is written as
∂tB
r =
3
4
∂t∆ˆ
r , (23)
∂tβ
r = Br , (24)
where the auxiliary variable Br is introduced.
B. Klein-Gordon equation
In order to solve the Klein-Gordon equation we use two
first order variables defined as:
Π := nα∂αΦ =
1
α
(∂tΦ− βr∂rΦ) , (25)
Ψ := ∂rΦ . (26)
Therefore, using equation (3) we obtain the following sys-
tem of first order equations:
∂tΦ = β
r∂rΦ + αΠ , (27)
∂tΨ = β
r∂rΨ + Ψ∂rβ
r + ∂r(αΠ) , (28)
∂tΠ = β
r∂rΠ +
α
ae4χ
[∂rΨ
+ Ψ
(
2
r
− ∂ra
2a
+
∂rb
b
+ 2∂rχ
)]
+
Ψ
ae4χ
∂rα+ αKΠ− αµ2Φ . (29)
C. Initial data: solving the constraints
It has been shown in [20] that choosing the maximal
slicing condition and a vanishing scalar field Φ, the mo-
mentum constraint is satisfied trivially and the Hamil-
tonian constraint can be solved analytically. In order to
4make the process more dynamic, and allow the black hole
mass to grow rapidly, we choose instead as initial data a
Gaussian distribution for the scalar field of the form
Φ = A0e
(r−r0)2/λ2 , (30)
with A0 the initial amplitude, r0 the center of the Gaus-
sian and λ its width. The auxiliary first order quantities
are initialized as follows
Π(t = 0, r) = 0 , (31)
Ψ(t = 0, r) = 2
(r − r0)
λ2
A0e
(r−r0)2/λ2 . (32)
We choose a conformally flat metric with a = b = 1
together with a time symmetry condition Kij = 0. With
these choices and Π(t = 0, r) = 0 the momentum con-
straint is satisfied trivially and the Hamiltonian con-
straint (20) gives an equation for the conformal factor
ψ = eχ,
∂rrψ +
2
r
∂rψ + 2piψ
5ρ = 0 . (33)
In order to solve this equation for a back hole, we assume
that the conformal factor can be written in a puncture-
like form as
ψ = 1 +
M
2r
+ u(r) , (34)
and we then substitute this form in the Hamiltonian con-
straint (20) to obtain
∂rru(r) +
2
r
∂ru(r) + 2piψ
5ρ = 0 . (35)
Given a distribution of the scalar field density ρ, we solve
this ordinary differential equation for u using a standard
four order Runge-Kutta integrator, assuming that u→ 0
as r →∞ and regularity at the origin.
III. TIME INTEGRATION
We employ the second-order PIRK method developed
by [28] to integrate the evolution equations in time (from
time tn to tn+1) and to handle the singular terms that
appear in the evolution equations due to our choice of
curvilinear coordinates. Writing a system of PDEs as
follows {
ut = L1(u, v) ,
vt = L2(u) + L3(u, v) , (36)
where L1, L2 and L3 represent general non-linear differ-
ential operators, the second-order PIRK method takes
the following form: u
(1) = un + ∆t L1(u
n, vn) ,
v(1) = vn + ∆t
[
1
2
L2(u
n) +
1
2
L2(u
(1)) + L3(u
n, vn)
]
,
(37)

un+1 =
1
2
[
un + u(1) + ∆t L1(u
(1), v(1))
]
,
vn+1 = vn +
∆t
2
[
L2(u
n) + L2(u
n+1)
+L3(u
n, vn) + L3(u
(1), v(1))
]
,
(38)
where we denote by L1, L2 and L3 the corresponding
discrete operators. In particular, we note that L1 and
L3 will be treated in an explicit way, whereas the L2
operator will contain the singular terms appearing in the
sources of the equations and, therefore, will be treated
partially implicitly.
This scheme is applied to the Klein-Gordon equation
and to the BSSN evolution equations. We include all
the problematic terms appearing in the sources of the
equations, that is stiff source terms that can lead to the
development of numerical instabilities (e.g., 1/r factors
due to spherical coordinates close to r = 0 even when
regular data is evolved), in the L2 operator. Firstly, the
conformal metric components a and b, the quantity X
(function of the conformal factor), the lapse function α,
the radial component of the shift βr, and the scalar field
Φ, are evolved explicitly, i.e. as the generic variable u
is evolved in the previous PIRK scheme. Secondly, the
traceless part of the extrinsic curvature Aa, and the trace
of the extrinsic curvature K, are evolved partially im-
plicitly, using updated values of α, a and b. Then, the
quantity ∆ˆr, and the auxiliary first order quantities of
the scalar field, Ψ and Π, are evolved partially implicitly,
using the updated values of α, a, b, βr, ψ, Aa, K, and
Φ. Finally, Br is evolved partially implicitly, using the
updated values of ∆ˆr. We note that the matter source
terms are always included in the explicitly treated parts.
In the Appendix A, we give the exact form of the source
terms included in each operator.
IV. NUMERICAL RESULTS
A. Initial models and convergence
We set up puncture-like initial data representing a sta-
tionary black hole with a surrounding scalar field cloud.
Whereas part of the initial scalar field is absorbed by
the black hole, another part lingers for a long time in the
form of a long-lived quasi-bound state which continuously
falls into the black hole. We have set up and evolved 25
different models exploring different values of the initial
amplitude of the pulse A0 = {0.0005, 0.005, 0.05, 0.1} and
different values of the scalar field mass Mµ = {0.08 : 0.3}
to study their influence in the evolution. Regarding the
initial pulse, all models are placed at the same initial
location r0 = 10M and share the same width λ = 5.
The values for the amplitude are chosen so that the self-
gravitation of the scalar field becomes important, far
away from the test field regime. The bare mass of the
black hole is initially set to M = 1.
The grid resolution is set to ∆r = 0.2M and the step
5TABLE I: Initial parameters for the scalar field around the black hole with initial bare mass M = 1. The initial Gaussian is
located at r0 = 10M with half-width λ = 5. In all cases the extraction radius is rext = 100M . MAH corresponds to the final
mass of the apparent horizon of the black hole, MADM is the initial ADM mass of the system and E0 is the initial energy of
the scalar field.
Model Mµ A0 Mω MAH MADM E0
1 2 3
1 0.08 0.1 0.09608 0.09772 - 2.03 3.23 2.28
2 0.09 0.1 0.10876 0.11063 - 2.07 3.31 2.37
3 0.10 0.0005 0.09946 0.09985 - 1.0 1.000062 6.4E-6
4 0.10 0.005 0.09948 0.09989 - 1.0 1.0062 6.4E-6
5 0.10 0.05 0.09984 0.10455 0.10535 1.20 1.614 0.64
6 0.10 0.1 0.12117 0.12412 - 2.18 3.40 2.46
7 0.11 0.1 0.13382 - - 2.23 3.50 2.56
8 0.12 0.1 0.15253 - - 2.36 3.61 2.66
9 0.13 0.1 0.16734 - - 2.48 3.73 2.79
10 0.14 0.1 0.18266 - - 2.55 3.85 2.91
11 0.15 0.0005 0.14797 0.14951 0.14981 1.0 1.00008 8.2E-5
12 0.15 0.005 0.14806 0.14957 0.14981 1.0 1.008 8.2E-3
13 0.15 0.05 0.15062 0.15983 0.16043 1.37 1.77 0.8
14 0.15 0.1 0.19865 - - 2.68 3.98 3.04
15 0.16 0.1 0.21529 - - 2.82 4.13 3.19
16 0.17 0.1 0.23257 - - 2.96 4.27 3.34
17 0.18 0.1 0.25079 - - 3.01 4.43 3.49
18 0.19 0.1 0.26980 - - 3.25 4.59 3.65
19 0.20 0.0005 0.19508 0.19883 0.19949 1.0 1.0001 1.1E-4
20 0.20 0.005 0.19513 0.19902 0.19973 1.0 1.010 1.1E-2
21 0.20 0.05 0.20147 0.21867 - 1.57 1.99 1.03
22 0.20 0.1 0.28959 - - 3.46 4.76 3.82
23 0.30 0.0005 0.29812 - - 1.0 1.00017 1.8E-4
24 0.30 0.005 0.29843 - - 1.0 1.017 1.8E-2
25 0.30 0.05 0.34413 - - 2.14 2.61 1.67
time is given by ∆t = 0.5∆r or ∆t = 0.3∆r. The second
choice is needed to obtain long-term stable simulations
for the models with larger amplitude. The final time of
the numerical evolutions varies between 2 × 104M for
the large amplitude models and about 6× 104M for the
small amplitude ones. The outer boundary of the com-
putational domain is placed at r = 6×104M , far enough
so it does not affect the dynamics in the inner region.
In Table I we present the different choices for the ini-
tial parameters of the models we have evolved, that is,
the mass of the scalar field particle Mµ and the ampli-
tude of the pulse A0. The frequencies Mω of the dom-
inant modes are labeled according to their strength on
the power spectrum. The table also contains the mass of
the apparent horizon (AH) at the end of the simulation
MAH, defined as MAH =
√A/16pi, where A is the area of
the AH, the Arnowitt-Deser-Misner (ADM) mass MADM
of the whole system
MADM = − 1
2pi
lim
r→∞
∮
S
∂jψdS
j , (39)
and the initial energy of the scalar field E0
E =
∫ ∞
2M
ρdV , (40)
where ρ is defined in Eq. (16). We have checked that the
total ADM mass of the system MADM computed at the
initial time slice using Eq. (39) is equal to the sum of
the initial black hole mass plus the initial energy of the
scalar field Eq. (40). The discrepancy is at most 2% of
the ADM mass.
In order to test the convergence of the code we per-
formed three simulations with different resolutions ∆r =
{0.2M, 0.1M, 0.05M}. In Fig. 1 we plot the rescaled evo-
lution of the L2 norm of the Hamiltonian constraint for
the particular choice of the initial amplitude A0 = 0.1
and the scalar field mass Mµ = 0.1, obtaining the
expected second-order convergence of our PIRK time-
evolution scheme. The same result is achieved irrespec-
tive of the model.
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FIG. 1: Time evolution of the L2 norm of the Hamiltonian
constraint for an initial scalar field pulse with A0 = 0.1 and
mass Mµ = 0.1. The plot shows results for three different
resolutions, rescaled by the factors corresponding to second-
order convergence. The inset shows a magnified view of the
initial 100M in the evolution. At t = 0 the convergence is to
fourth order.
B. Non-linear quasi-bound states
We evolve the Einstein-Klein-Gordon system using the
initial data given by Eqs. (30)-(32). In order to analyze
the results of the simulations we extract a time series for
the scalar field amplitude at an observation point with
a fixed radius rext. Thus, to identify the frequencies at
which the field oscillates we perform a Fast Fourier trans-
form after a given number of time steps and obtain the
power spectrum. For some models we were able to obtain
not only the fundamental frequency of oscillation but also
some of the overtones.
It is well known that the frequency resolution is in-
versely proportional to the simulation time and hence
longer runs yield to more accurate frequencies. Thanks
to the computational advantage provided by spherical
symmetry and to the use of the PIRK method we were
able to compute the frequencies at which the scalar field
oscillates, confirming the existence of long-lived spheri-
cal states in our nonlinear evolutions even for large initial
amplitudes of the scalar field.
The power spectrum obtained from the Fourier trans-
form shows a set of distinct frequencies. In order to val-
idate our results we contrast the numerical values of the
frequency of the small amplitude configurations with the
ones obtained using Leaver’s continued fraction technique
[29] in the frequency domain in the test field approxima-
tion.
In figures 2 to 5 we plot the evolution of the scalar
field seen by an observer at rext = 100M for the models
3-6 of our sample along with their corresponding Fourier
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FIG. 2: Upper panel: Time evolution of the scalar field with
mass Mµ = 0.1 and A0 = 0.0005 corresponding to the model
3 for an observer at rext = 100M . The inset shows a magni-
fied view of the initial 5000M in the evolution. Lower panel:
Fourier transform of the evolution of the scalar field. The
units in the vertical axis are arbitrary.
transforms. In all of the plots the field is seen to be
clearly oscillating. Moreover, all of these models show a
distinctive beating pattern due to the presence of over-
tones, as described in [12, 30–32] for the case of fixed
background computations and in [20] in the non-linear
regime. Within the computational times we can afford,
such beatings and overtones cannot be resolved only in
models 7-10, 14-18, and 22-25. For the small amplitude
models 3-12, 14, 19, 20 and 23 the frequencies are very
close to the values obtained in the test field regime. As
shown in Table I the frequency grows as the amplitude
is increased.
By using a matching technique, Furuhashi and Nambu
showed analytically in [33] that in the limit Mµ 1 the
real part of the frequency of quasi-bound states depends
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FIG. 3: Same as Fig. 2 but for model 4.
on the mass parameter µ as
ω ≈ µ
[
1− 1
2
(Mµ)2
]
. (41)
In Fig. 6 we show a plot of the frequencies of all the
configurations of Table I as a function of µ. We also
consider in this plot the adiabatic approximation for the
frequency given by Eq. (41) for different values of the
mass of the black hole M . For small values of A0, the
corresponding curve is indistinguishable from the one of
the test field approximation. However, for greater val-
ues, the results from the non-linear approach not only
deviate from the quasi-adiabatic approximation but they
also follow the opposite trend. The frequency is greater
than the frequency of the test field limit, whereas the
adiabatic approach holds that the frequency should be
smaller. This discrepancy may be due to the violation
of the condition Mµ  1 used in the analytical approx-
imation. Nevertheless, the extrapolation of our results
for the scalar field mass µ in the regime compatible with
scalar field dark matter models, Mµ ∼ 10−6, supports
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FIG. 4: Same as Fig. 2 but for model 5.
the validity of the model.
C. Spacetime characterization
Spacetime invariants are useful quantities to compare
numerical solutions with known exact solutions, see for
instance Ref. [34] for an instructive way to use them dur-
ing the formation of a single black hole. With this aim
we have used the invariants I and J defined as [35]
I =
1
2
[
(EijE
ij −BijBij)− 2iEijBij
]
, (42)
J = −1
6
[
(EikE
jk − 3BikBjk)Eij
+i(BikB
jk − 3EikEjk)Bij
]
,
to characterize our numerical spacetime. In these expres-
sions Eij and Bij are the electric and magnetic parts of
the Weyl tensor. We have computed these two quantities
to use them as a measure of the deviation of our numer-
ical solution from that corresponding to a Schwarzschild
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FIG. 5: Same as Fig. 2 but for model 6.
black hole. As expected, the numerical spacetime for the
cases with a scalar field pulse of sufficiently small am-
plitude resembles the Schwarzschild solution once most
of the scalar field has accreted on the black hole. The
situation changes in a significant way when the ampli-
tude increases. In the two plots of Fig. 7 the red solid
curves correspond to the invariants I (left panel) and J
(right panel) for our model 6 at t = 9000M . These ra-
dial profiles are compared with the corresponding purely
Schwarzschild invariants for a black hole with the same fi-
nal mass (MAH = 2.18), as indicated by the green dashed
curves in the same figure. The deviation of our numeri-
cal spacetime from an analytic Schwarzschild black hole
spacetime with equivalent mass is evident. An important
remark is that both invariants may however be superim-
posed, at sufficiently large distances, if we choose a larger
Schwarzschild black hole mass. The blue dashed curve in
Fig. 7 shows that that is indeed the case if the mass of
the Schwarzschild black hole is chosen to be MAH = 4.25.
The discrepancy is still noticeable near the black hole
horizon, as the inset in Fig. 7 clearly makes visible.
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FIG. 6: Frequency ω as a function of the scalar field mass µ
for the models shown in Table I. The semi-analytic relation
(41) for several values of M is also plotted. For models with
small initial A0 the numerical frequencies match the values of
the semi analytical values showing consistency with the test
field approximation and the limit Mµ 1.
TABLE II: Mass of the black hole spacetimes correspond-
ing to the six largest amplitude models of our sample.
Columns three and four indicate, respectively, the masses of
our numerically evolved spacetimes and those of the analytic
Schwarzschild black holes that would induce the same radial
profiles (degeneracy) in the Weyl invariants.
Model Mµ MAH1 MAH2 MAH1/MAH2
6 0.10 2.18 4.25 1.95
8 0.12 2.36 5.0 2.12
10 0.14 2.55 6 2.35
15 0.16 2.82 7.25 2.57
17 0.18 3.1 8.75 2.82
22 0.20 3.46 11.0 3.18
This difference may have important implications when
studying the motion of test particles around black holes.
In particular, there would be a degeneracy in the char-
acterization of the underlying spacetime generating the
gravitational attraction of a test particle. One observer
at infinity might infer, due to the movement of a test
particle, that the central object is either one isolated
Schwarzschild black hole with mass M1 or a transient
(non-static) state made up of a scalar cloud around a
black hole with mass M2. These two possibilities can be
regarded as well as two different, very long-lived solu-
tions of Einstein equations that induce the same motion
of test particles, either the vacuum Schwarzschild solu-
tion or that of a dynamical spherically-symmetric black
hole surrounded by a scalar field.
In Table II we summarize the results for all the 6 cases
of our sample of models with the largest initial ampli-
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FIG. 7: Radial profiles of the Weyl invariants I (left) and J (right) for model 6 in Table I at t = 9000M . The red curve
corresponds to our numerically evolved spacetime while the green and blue curves correspond to analytic (static) Schwarzschild
spacetimes of mass MAH = 2.18 and 4.25, respectively. The inset shows a region close to the black hole horizon where the
numerical solution differs considerably from a stationary Schwarzschild black hole.
tudes and for which the aforementioned degeneracy is
most apparent. The third column corresponds to the fi-
nal numerical black hole mass, MAH1. The fourth col-
umn reports the equivalent Schwarzschild mass MAH2
that would induce the same radial profiles of the Weyl in-
variants at large distances. The second mass is extracted
by fitting the invariants at large distances and therefore
it has not to be taken as an accurate measure but rather
as an approximate value. The ratio MAH1/MAH2 grows
with Mµ, as shown in the fifth column of the table. We
note that it remains to be seen whether the spacetime
degeneracy found in our simulations is still important, or
even exists in the first place, for values of the scalar field
mass µ compatibles with dark matter models, namely
Mµ ∼ 10−6. As mentioned in the Introduction the
timescales needed to computationally disclose the answer
cannot be reached even with linear perturbation codes.
V. CONCLUSIONS
In this paper we have solved numerically the Einstein-
Klein-Gordon system in spherical symmetry using spher-
ical coordinates with a PIRK numerical scheme. Our
study has been focused on investigating within a fully
non-linear setup whether quasi-stationary scalar field
configurations may be found in the form of clouds (or
hairy “wigs”) surrounding dynamical black holes. Such
configurations have been recently put forward by [13, 14]
as a plausible model to describe dark matter halos in
galaxies. Through a computational study based on per-
turbative approaches, these authors found indeed such
configurations to be long-lived.
In our non-linear study we have performed a large
number of (second-order) accurate and long-term stable
simulations of dynamical non-rotating black holes sur-
rounded by self-gravitating scalar fields. The models of
our sample have been suitably parameterized to span a
broad range of cases from the test field regime to the
fully non-linear regime. Confirming earlier findings from
perturbation theory we have found that also in the case
of highly dynamical spacetimes (i.e. those consisting of a
black hole and a rich scalar field environment) there are
states which closely resemble the quasi-bound states in
the test field approximation of [13, 14]. In addition, we
have been able to characterize the resulting spacetimes
by analyzing the Weyl invariants I and J and have com-
pared them to analytical values of Schwarzschild black
hole spacetimes. Our results have revealed a degener-
acy in plausible long-lived solutions of Einstein equa-
tions that induce the same motion of test particles, ei-
ther with or without the existence of quasi-bound states.
By performing a Fourier transform of the time series of
our numerical data we have been able to characterize the
scalar field states by their distinctive oscillation frequen-
cies. It has been found that the scalar field oscillates
with different well-defined frequencies, and that its time
evolution produces in most of our models a character-
istic beating pattern due to the non-linear combination
of two frequencies with close enough values. Such scalar
10
field oscillations may have important imprints in a num-
ber of astrophysical scenarios. For instance, the fully
three-dimensional dynamical evolutions performed in [20]
showed that the interaction of the scalar field with the
central black hole results in both scalar field and grav-
itational radiation. Recently [36], using first-order per-
turbation theory, found that the gravitational response
is already present even at the linear level. Since our cur-
rent study is limited to spherical symmetry, we could not
perform such analysis in the present work, a task which
we defer to a future investigation.
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Appendix A: Source terms
The evolution Eqs. (9)-(11), (13)-(15), (22)-(24) are
evolved using a second-order PIRK method, described in
Sec. III. In this Appendix the source terms included in
the explicit or partially implicit operators are detailed.
Firstly, a, b, X, α, βr and Φ, are evolved explicitly, i.e.,
all the source terms of the evolution equations of these
variables are included in the L1 operator of the second-
order PIRK method.
Secondly, Aa and K, are evolved partially implicitly,
using updated values of α, a and b. More precisely, the
corresponding L2 and L3 operators associated with the
evolution equations for Aa and K read:
L2(Aa) = −
(
∇r∇rα− 1
3
∇2α
)
+ α
(
Rrr −
1
3
R
)
,
(A1)
L3(Aa) = β
r∂rAa + αKAa − 16piα(Sa − Sb) , (A2)
L2(K) = −∇2α , (A3)
L3(K) = β
r∂rK + α(A
2
a + 2A
2
b +
1
3
K2)
+ 4piα(ρ+ Sa + 2Sb) . (A4)
Next, ∆ˆr, Ψ and Π are evolved partially implicitly, us-
ing the updated values of α, a, b, βr, ψ, Aa, K and Φ.
Specifically, the corresponding L2 and L3 operators asso-
ciated with the evolution equation for ∆ˆr, Ψ and Π are
given by:
L2(∆ˆr) =
1
a
∂2rβ
r +
2
b
∂r
(
βr
r
)
+
σ
3a
∂r(∇ˆmβm)
− 2
a
(Aa∂rα+ α∂rAa)− 4α
rb
(Aa −Ab)
+
ξα
a
[
∂rAa − 2
3
∂rK + 6Aa∂rχ
+(Aa −Ab)
(
2
r
+
∂rb
b
)]
, (A5)
L3(∆ˆr) = β
r∂r∆ˆ
r − ∆ˆr∂rβr + 2σ
3
∆ˆr∇ˆmβm
+ 2αAa∆ˆ
r − 8pijr ξα
a
, (A6)
L2(Ψ) = ∂r(αΠ) , (A7)
L3(Ψ) = β
r∂rΨ + Ψ∂rβ
r , (A8)
L2(Π) =
α
ae4χ
[∂rΨ + Ψ
(
2
r
− ∂ra
2a
+
∂rb
b
+ 2∂rχ
)]
+
Ψ
ae4χ
∂rα− αµ2Φ , (A9)
L3(Π) = β
r∂rΠ + αKΠ . (A10)
Finally, Br is evolved partially implicitly, using the up-
dated values of ∆ˆr, i.e., L2(Br) =
3
4
∂t∆ˆ
r and L3(Br) = 0.
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